
Introduction

In part II of this series, the structure and properties of
the foam-black film stabilized by decyl methyl sulfoxide
(DeMS) were elucidated in terms of the surface densities
of NaCl and DeMS at the film surfaces and the equiv-
alent film thickness [1]. On the other hand, it has been
shown for the mixed adsorption of surfactants at bulk
interfaces that the evaluation of composition of an ad-
sorbed film and drawing the phase diagram of adsorp-
tion is an useful strategy to clarify the miscibility of
components and molecular interaction in the adsorbed
film [2–9]. Furthermore, the thermodynamic treatment
was applied not only to surfactant mixtures, but also to
the mixtures of alkanol and surfactant [10–14], inorganic
salt and surfactant [15–17], and proved to be highly

useful to investigate the miscibility and molecular
interaction in an oriented molecular state. This study
aims to develop the thermodynamic treatment of sur-
factant mixture for the adsorption at film interfaces and
apply the resultant equations to the film tension of a
NaCl–DeMS mixture as a function of the total molality
of the mixture and the mole fraction of DeMS in the
mixture at 298.15 K under atmospheric pressure and
constant disjoining pressure, shown in part II.
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ates into v1,a a-ions and v1,c c-ions and electrolyte 2 into
v2,b b-ions and v2,d d-ions is

dcf ¼ �sfdT þ vfdp þ vLdP� Cf
adla

� Cf
cdlc � Cf

bdlb � Cf
ddld ; ð1Þ

where cf is film tension, lj the chemical potential of
j-ion, Gj

f the film density of j-ion, yf the corresponding
thermodynamic quantity, and vL the volume of the
phase L in the film per unit film area defined in part I
[18] and II [1]. Taking the total molality m̂ of the mixture
and the mole fraction X̂2 of electrolyte 2 in the mixture
as experimental variables in addition to temperature T,
pressure p in the phase surrounding the film and dis-
joining pressure P, and substituting the differentials of
the chemical potentials

dlj ¼� sjdT þ vjdp � vjdPþ RT
m̂

dm̂� RT

X̂1

dX̂2;

j ¼a; c; ð2Þ

and

dlj ¼ �sjdT þ vjdp � vjdPþ RT
m̂

dm̂þ RT

X̂2

dX̂2;

j ¼ b; d;
ð3Þ

into Eq. 1, we obtain

dcf ¼ �DsfdT þ Dvfdp þ sfdP� RT Ĉf

m̂
dm̂

� RT Ĉf

X̂1X̂2

ðX̂ f
2 � X̂2ÞdX̂2; ð4Þ

assuming the film forming solution to be an ideal one.
Here, m̂ and X̂2 are defined by

m̂ ¼ ma þ mc þ mb þ md ¼ v1m1 þ v2m2 ð5Þ

and

X̂2 ¼
mb þ md

m̂
¼ m2m2

m̂
; ð6Þ

mi and mj are the molalities of electrolyte i and j-ion,
respectively and v1 and v2 denoting

m1 ¼ m1;a þ m1;c; m2 ¼ m2;b þ m2;d : ð7Þ

The total film density Ĉf of the mixture and the film
mole fraction X̂ f

2 of electrolyte 2 in the mixture are
defined by

Ĉf ¼ Cf
a þ Cf

c þ Cf
b þ Cf

d ¼ m1C
f
1 þ m2C

f
2 ð8Þ

and

X̂ f
2 ¼

Cf
b þ Cf

d

Ĉf
¼ m2C

f
2

Ĉf
; ð9Þ

where the film density Gi
f of electrolyte i is given by Eq.

10 in part II. The thermodynamic quantity change Dyf
associated with adsorption at film interfaces and the
thermodynamic film thickness sf are expressed by Eqs.
11 and 12 in part II.

Hence, Dyf; sf; Ĉf; and X̂ f
2 are related to cf by

Dsf ¼ � @cf

@T

� �
p;P;m̂;X̂2

; ð10Þ

Dvf ¼ @cf

@p

� �
T ;P;m̂;X̂2

; ð11Þ

sf ¼ @cf

@P

� �
T ;p;m̂;X̂2

; ð12Þ

Ĉf ¼ � m̂
RT

� �
@cf

@m̂

� �
T ;p;P;X̂2

; ð13Þ

and

X̂ f
2 ¼ X̂2 �

X̂1X̂2

RT Ĉf

� �
@cf

@X̂2

� �
T ;p;P;m̂

ð14Þ

X̂ f
2 ¼ X̂2 �

X̂1X̂2

m̂

� �
@m̂

@X̂2

� �
T ;p;P;cf

; ð15Þ

The corresponding energy and enthalpy changes are gi-
ven by the same equations as Eqs. 47 and 48 in part I,
respectively.

On the other hand, Eq. 49 in part I, for the interfacial
tension of the meniscus adjacent to the film, can be
rewritten for the present mixture in the form

dcK ¼� DsKdT þ DvKdp þ ðvH;KK � DvKÞdP

� RT ĈH;K

m̂

 !
dm̂� RT ĈH;K

X̂1X̂2

 !
ðX̂H;K

2 � X̂2ÞdX̂2;

K ¼A;B: ð16Þ

Hence, the combination of Eq. 4 with Eq. 16 yields the
differences in the thermodynamic quantities between the
film and the adjacent meniscuses

Dsf � DsA � DsB ¼ �
@ðcf � cA � cBÞ

@T

� �
p;P;m̂;X̂2

; ð17Þ

Dvf � DvA � DvB ¼ �
@ðcf � cA � cBÞ

@p

� �
p;P;m̂;X̂2

; ð18Þ

sf� vH;AA � vH;BB þDvAþDvB¼
@ðcf� cA� cBÞ

@P

� �
T ;p;m̂;X̂2

;

ð19Þ
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Ĉf � ĈH;A � ĈH;B ¼ � m̂
RT

� �
�

@ðcf � cA � cBÞ
@m̂

� �
T ;p;P;X̂2

; ð20Þ

and

ĈfðX̂ f
2 � X̂2Þ � ĈH;AðX̂H;A

2 � X̂2Þ � ĈH;BðX̂H;B
2 � X̂2Þ

¼ � X̂1X̂2

RT

� �
@ðcf � cA � cBÞ

@X̂2

� �
T ;p;P;m̂

; ð21Þ

The corresponding equations for the differences in en-
ergy and enthalpy are the same as Eqs. 62 and 63 in part
I, respectively.

For a symmetric film, let ĈF; X̂F
2 ; DyF, and c be the

total interfacial density at a film interface, the mole
fraction of component 2 in the adsorbed film at the film
interface, the thermodynamic quantity change associ-
ated with adsorption at the film interface, and the
interfacial tension of the meniscus adjacent to the film,
respectively. We have then

1

2
Ĉf ¼ ĈF ¼ CF

a þ CF
c þ CF

b þ CF
d ¼ m1C

F
1 þ m2C

F
2 ; ð22Þ

X̂ f
2 ¼ X̂F

2 ¼
CF

b þ CF
d

ĈF
¼ m2C

F
2

ĈF
; ð23Þ

and

1

2
Dyf ¼ DyF; ð24Þ

where the interfacial densities Gi
F of electrolyte i and Gj

F

of j-ion at the film interface and DyF are defined in a
manner similar to Eq. 10 in part II and Eqs. 16 and 59 in
part I, respectively. Substituting Eqs. 22, 23, and 24 into
Eqs. 10 and 11 and Eqs. 13, 14, and 15 yields

DsF ¼ � 1

2

@cf

@T

� �
p;P;m̂;X̂2

; ð25Þ

DvF ¼ 1

2

@cf

@p

� �
T ;P;m̂;X̂2

; ð26Þ

ĈF ¼ � 1

2

m̂
RT

� �
@cf

@m̂

� �
T ;p;P;X̂2

; ð27Þ

and

X̂F
2 ¼ X̂2 �

1

2

X̂1X̂2

RT ĈF

� �
@cf

@m̂

� �
T ;p;P;X̂2

; ð28Þ

X̂F
2 ¼ X̂2 �

X̂1X̂2

m̂

� �
@m̂

@X̂2

� �
T ;p;P;cf

: ð29Þ

Energy and enthalpy changes are given by

DuF ¼ T DsF � pDvF � 1

2
Psf þ 1

2
cf ð30Þ

DhF ¼ T DsF: ð31Þ

Equations 17, 18, 19, 20, and 21, similarly reduce to

DsF � Ds ¼ � 1

2

@ðcf � 2cÞ
@T

� �
p;P;m̂;X̂2

ð32Þ

DvF � Dv ¼ 1

2

@ðcf � 2cÞ
@p

� �
T ;P;m̂;X̂2

ð33Þ

1

2
sf � vH;A þ Dv ¼ 1

2

@ðcf � 2cÞ
@P

� �
T ;p;m̂;X̂2

ð34Þ

ĈF � ĈH ¼ � m̂
2RT

� �
@ðcf � 2cÞ

@m̂

� �
T ;p;P;X̂2

; ð35Þ

and

ĈFðX̂F
2 � X̂2Þ � ĈHðX̂H

2 � X̂2Þ

¼ � X̂1X̂2

2RT

� �
@ðcf � 2cÞ

@X̂2

� �
T ;p;P;m̂

: ð36Þ

Energy and enthalpy changes are given by the same
expressions as Eqs. 80 and 81 in part I.

Results and discussion

Let us apply the above thermodynamic treatment to the
foam film formed from the NaCl–DeMS mixture in part
II of this series. For the mixture of uni–univalent elec-
trolyte 1 and nonionic surfactant 2, we have

m1;a ¼ m1;c ¼ 1; m2;b ¼ 1 and m2;d ¼ 0; ð37Þ

and Eqs. 5, 6, 22, and 23 reduce to

m̂ ¼ 2m1 þ m2; ð38Þ

X̂2 ¼
m2

m̂
; ð39Þ

ĈF ¼ 2CF
1 þ CF

2 ; ð40Þ

and

X̂F
2 ¼

CF
2

ĈF
; ð41Þ

respectively.
Numerical values of the difference between cf and 2c

of the NaCl–DeMS system were obtained by substitut-
ing the values of contact angle h in Fig. 2 in part II and
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the surface tension c of film-forming solutions in the
previous study [19] into the equation

cf � 2c ¼ 2cðcos h� 1Þ; ð42Þ

assuming that the sP term in Eq. 64 in part I is negli-
gible. cf)2c is shown as a function of m̂ in Fig. 1, in
which typical errors arising from the error in h are
shown for curve 3. For the equilibrium film with positive
P formed in a ring cell, cf is less than 2c, cf of a thick
film, due to the interaction between film interfaces. An
arrow on the cf)2c versus m̂ curve designates the phase
transition in the black film determined from the jump in
the equilibrium film thickness and the break on the
contact angle versus total molality curve in Figs. 1 and 2
in part II. We see that cf)2c decreases with increase in m̂
and decreases more greatly after the phase transition. It
is worth noting that cf)2c versus m̂ curve of the lowest
X̂2 has a minimum unlike those of the other X̂ 02s. Fig-
ure 2 presents the m̂ value at a given cf, taken from the cf

versus m̂ curve obtained from the cf)2c in Fig. 1 and c,
as a function of X̂2: It is seen that there is a steep rise in m̂
with decreasing X̂2 at very low X̂2: The values of the film
tension cf,eq and total molality m̂eq at the phase transi-
tion where common black and Newton black films
coexist at equilibrium, read from the cf versus m̂ curve
and Figs. 1 and 2 in part II, are plotted against X̂2 in
Fig. 3a and b, respectively. The values of the surface
tension cc at the CMC and CMC, Ĉ of the mixture
obtained in the previous study [19], are also shown in the
forms of the 2cc versus X̂2 and Ĉ versus X̂2 curves in
the figures, respectively; the cf,eq versus X̂2 and 2cc

versus X̂2 curves coincide with each other at X̂2 ¼ 0:014
and 0.8, as well as the m̂eq versus X̂2 and Ĉ versus X̂2

curves; cf,eq is larger than 2cc and m̂eq is smaller than Ĉ
at X̂2 between 0.014 and 0.8. Equations derived in the

last section can be applied to the cf in the region of m̂
below Ĉ:

Numerical value of ĈF evaluated by applying Eq. 27
to the cf versus m̂ curve is shown as a function of m̂ in
Fig. 4a, together with the ĈH in the previous study [19].
The ĈF value of the common black film seems to be very
similar to the ĈH value of the bulk surface coexisting in
equilibrium with the black film and slightly jumps to
that of the Newton black film at the transition. The
ĈF � ĈH value obtained by fitting Eq. 35 to the cf)2c
versus m̂ curve in Fig. 1 is presented against m̂ in
Fig. 4b. We see ĈF is larger than ĈH and their difference
increases as m̂ increases. The decrease in ĈF � ĈH with
increasing m̂ at the lowest X̂2 is due to the decreases both
in G1

F)G1
H of NaCl and G2

F)G2
H of DeMS with

increasing molality of NaCl as shown in part II. It is
worth noting that the ĈF � ĈH value is less than 0.5 %
of the ĈH value, which is, however, characteristic of the
formation of the black films and the cause of the tran-
sition in the film as shown by the calculation of the
interaction force between film surfaces in part II.

To elucidate the miscibility of NaCl and DeMS in the
adsorbed film at the film surface, X̂ f

2 was numerically
evaluated by applying Eq. 29 to the m̂ versus X̂2 curve in
Fig. 2. The X̂ f

2 value is shown in the form of the m̂ versus
X̂ f
2 curve together with the m̂ versus X̂2 in Fig. 5, which

we call the phase diagram of adsorption at film surface
because it exhibits the composition of the solution and
the adsorbed film at film surface coexisting in equilib-
rium. X̂ f

2 smaller than unity in the diagram indicates that

Fig. 1 Difference between film tension and surface tension versus
total molality curves at a constant composition: (1) X̂2 =0.00772,
(2) 0.01379, (3) 0.01810, (4) 0.03015, (5) 0.09173, (6) 0.2150, (7)
0.2884, (8) 0.3817, (9) 0.4984, and (10) 0.7999

Fig. 2 Total molality versus composition curves at constant film
tension: (1) cf=50 mN m)1, (2) 55, (3) 60
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DeMS molecule is miscible with Na+ or Cl) ions and
the polar head group of DeMS molecule attracts Na+

or Cl) in the adsorbed film at the film surface. An arrow
on the m̂ versus X̂ f

2 curve at 50 mN m)1 shows the
transition in the black films. The difference in compo-
sition of an adsorbed film between the film and bulk
surfaces are shown in the form of the m̂ versus X̂F

2 � X̂H
2

curve in Fig. 6a–c, where X̂F
2 � X̂H

2 is numerically eval-
uated by applying Eq. 36 to the cf)2c versus X̂2 curve
obtained from Fig. 1 and substituting the ĈF and ĈH

values into Eq. 36. X̂H
2 in the previous study [19] was

also used. Figure 6a indicates that X̂ f
2 is smaller than X̂H

2
at higher cf, hence, NaCl and DeMS are miscible more
in the adsorbed film of the common black film than in
that of the bulk surface. It is noticed from Fig. 6b and c
that two phase transitions take place as m̂ increases at a
given cf; both the transitions are accompanied by the

increase in the miscibility of NaCl and DeMS. The in-
crease in the miscibility on phase transition is attribut-
able more to the increase in G1

F at the transition point
than to the corresponding change in G2

F in part II,
taking into consideration that cf is almost constant at
constant m2 for the NaCl–DeMS system. Electrical
shielding of the surface charge due to the preferential
adsorption of OH) ions [20, 21], at the surface of the
Newton black film by the positive adsorption of NaCl is
probably different between the Newton black films at
the first transition at low m̂ and at the second one at
high m̂:

The values of X̂F;c
2 of the common black film and

X̂F;N
2 of the Newton black one at the phase transition,

obtained from the X̂F
2 � X̂H

2 at the transition in Fig. 6
and the X̂H

2 in the previous study [19], were designated in

the form of the cf,eq versus X̂F;c
2 and cf,eq versus X̂F;N

2

Fig. 3 (a) Film tension at phase transition versus and surface
tension at CMC versus composition curves; (solid lines) cf,eq versus
X̂2; (dotted lines) 2cc versus X̂2; (b) total molality at phase transition
versus and CMC versus composition curves; (solid lines) m̂eq versus
X̂2; (dotted lines) Ĉ versus X̂2

Fig. 4 (a) Total surface density versus total molality curves at
constant composition; (solid lines) ĈF versus m̂; (dotted lines) ĈH

versus m̂; and (J) ĈF at the CMC, (E) ĈH at the CMC; (b) difference
in total surface density versus total molality curves at constant
composition; (J) ĈF � ĈH at the CMC: (1) X̂2 =0.00772, (2)
0.01379, (3) 0.01810, (4) 0.03015, (5) 0.09173, (6) 0.2150, (7) 0.2884,
(8) 0.3817, (9) 0.4984, and (10) 0.7999
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curves in Fig. 7. We call Fig. 7 the phase diagram
of phase transition. The two curves in the diagram
have the maximum at which they coincide, which is
typical of negative azeotropic mixtures [22]. Therefore,
we conclude that negative azeotropic transformation
takes place in the black film caused by the attractive
interaction between the head group of the DeMS
molecule and Na+ or Cl) in the adsorbed film at the
film surface and the interaction is larger in the Newton
black film than in the common black film.

At the phase transition, Eq. 4 reduces to

dcf;eq ¼ �2DsF;cdT þ 2DvF;cdp þ sf;cdP

� 2
RT ĈF;c

m̂

 !
dm̂� 2

RT ĈF;c

X̂1X̂2

 !
ðX̂F;c

2 � X̂2ÞdX̂2

ð43Þ

dcf;eq ¼ �2DsF;NdT þ 2DvF;Ndp þ sf;NdP

� 2
RT ĈF;N

m̂

 !
dm̂

� 2
RT ĈF;N

X̂1X̂2

 !
ðX̂F;N

2 � X̂2ÞdX̂2 ð44Þ

Fig. 5 Total molality versus composition curves at constant film
tension: (1) cf=50 mN m)1, (2) 55, (3) 60; (dotted lines) m̂ versus
X̂F
2 ; (solid lines) m̂ versus X̂2

Fig. 6 Total molality versus
composition difference curves at
constant film tension: (a) (1)
cf=60 mN m)1, (2) 55; (b) 51.3;
and (c) 50

Fig. 7 Film tension at phase transition versus composition curves:

(1) X̂F;c
2 ; (2) X̂F;N

2 ; and (open circle) X̂F;c
2 at the CMC, and (solid

circle) X̂F;N
2 at the CMC
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for the common black and Newton black films of which
the thermodynamic quantities are denoted by super-
scripts c and N, respectively. Eliminating the term dm̂
from Eqs. 43 and 44 at constant T, p, and P leads to

@cf;eq

@X2

� �
T ;p;P
¼ �ð2RT=X̂1X̂2ÞðX̂F;N

2 � X̂F;c
2 Þ

ðĈF;NÞ�1 � ðĈF;cÞ�1
. ð45Þ

Numerical values of both sides of Eq. 45 can be inde-
pendently obtained: the left-hand side is obtained from
the cf,eq versus X̂2 curve in Fig. 3a, on the other hand,
the right-hand side is calculated by use of the ĈF and X̂ f

2

values at the transition shown in Figs. 4a and 5,
respectively. The values of both sides shown as a func-
tion of X̂2 in Fig. 8 are in good agreement. Therefore,
the phase transition between the common black and the
Newton black films is a first order one. The above
conclusion is in conformity with the jump in equivalent
film thickness and the break on the contact angle versus
total molality curve at the transition point shown in
Figs. 1 and 2 in part II, because the film thickness is
related to the first derivative of film tension as in Eq. 12.

Conclusions

From the present study, the following conclusions can
be drawn.

1. Miscibility and interaction in the adsorbed films at
film interfaces can be clarified by applying the ther-
modynamic equations for a surfactant mixture to the
film tension as a function of the total molality and the
mole fraction in the mixture at constant temperature,
pressure, and disjoining pressure.

2. Miscibility of NaCl and DeMS in the adsorbed film of
the common black film is larger than that at the bulk
surface adjacent to and in equilibrium with the black
film.

3. The phase transition in the DeMS foam film between
the common black and Newton black films is a first-
order and negative azeotropic transformation caused
by the attractive interaction between the head group
of the DeMS molecule and Na+ or Cl) in the ad-
sorbed film at the film surface.

4. The attractive interaction is larger in the Newton
black film than in the common black film.
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curve: (solid lines) left-hand side, (open circle) right-hand side
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